We analytically study the generation of longitudinal plasma waves in an underdense plasma by two electromagnetic waves with frequency difference approx- -.
Introduction
Since the original proposal by Tajima and Dawson,' the plasma beat-wave accelerator has received much attention as a possible high energy accelerator because of the very high gradients thought to be possible. In this scheme, the electric field of a longitudinal electron plasma oscillation with phase velocity, ?+h, near the speed of light, c, accelerates charged particles to high energies.
The plasma oscillation is resonantly excited by the ponderomotive force of two collinear beating lasers with frequency difference, wr -~2, approximately equal to the electron plasma frequency, wP, in an underdense plasma (WI, w2 > wr).
Gradients of order fi eV/cm are theoretically possible, where n is the electron number density in units of cms3. If the transverse dimensions of the beating laser beams are much greater than the induced plasma wavelength, $' = (kr -kz)-l, the lasers and plasma wave can be treated approximately as infinite plane waves. Within this approximation Rosenbluth and Liu2 analytically studied the growth and saturation of longitudinal plasma waves in a cold, collisionless fluid plasma assuming weak laser strengths (v,,~/c E eEL/ mwc < 1) and small amplitude plasma waves (An/n < 1 and hence eEp/mwpc < 1 if vph N c).
Because the beat-wave generation of plasma waves is a resonant excitation, large amplitude plasma waves may develop even though the lasers are relatively weak. The condition eEp/mwpc < 1 can then be violated even though eEL/mwc < 1. In this paper we analytically study the beat-wave generation of plasma waves with vPh = c in a cold, collisionless fluid plasma subject to the more general condition eEp/mwpc 5 1. In practice particle trapping and wavebreaking occur even if vph c c in a cold plasma for eEp/mwpc 2 1, and the fluid --approximation breaks down. 3 As a plasma wave is generated by two beating lasers it can scatter laser light up and down in frequency by integer multiples of wp (multiple Raman scattering). 4 The scattered light will also beat, inducing oscillations at various multiples of wp. However, for laser frequencies w >> wp, this sideband generation is negligible prior to saturation of the plasma wave. For example, when w N 5 -10wp, numerical simulation codes indicate that as long as eEp/mwpc 2 1 less than 5% of the relative laser power is scattered into sidebands for times up to saturation of the plasma wave amplitude.5
Consequently, to study plasma wave generation and saturation analytically we will neglect the scattered laser sidebands. We then have only two beating electromagnetic plane waves and a plasma wave, all with phase velocities near the speed of light in an underdense plasma. One can then reduce the relativistic plasma fluid equations to an approximate ordinary nonlinear differential equation for the evolution of the longitudinal plasma wave without recourse to the customary linearization procedure. Not surprisingly this equation is equivalent to Poisson's equation with the electron density being modulated by the beating lasers and variations in the plasma wave phase velocity being neglected. The derivation and asymptotic solution of this nonlinear equation are the subject of this paper.
The outline of the paper is as follows. In Section 2 the equations describing nonlinear waves in a relativistic plasma are reviewed to establish notation.
In Section 3, starting from the known solution of these equations for a single light wave in an underdense plasma, the approximate ordinary differential equation describing a longitudinal plasma wave driven by two beating light waves is --derived.
Amplitude-phase equations describing the asymptotic solutions of this differential equation are constructed for small amplitude plasma waves (eE,/mw,c < 1) in Section 4 and large amplitude waves (eEp/mwpc 5 1) in Section 5. The numerical solution of these asymptotic equations are compared with that of the original nonlinear differential equation. We find that our small amplitude asymptotic solution agrees with the previous results of Rosenbluth and Liu in the time domain. 2 For large amplitude waves, our asymptotic solution accurately approximates the numerical solution of the original equation for amplitudes up to eEp/mwpc N 1. Interestingly, our solutions also agree very well with twodimensional particle simulation results for the temporal evolution of beat-wave generated plasma waves.
We conclude the paper in Section 6 with some comments regarding the experimental implications of our results for plasma wave generation in underdense plasmas.
Nonlinear Waves in a Plasma
The equations describing nonlinear waves in a cold, collisionless relativistic plasma with stationary ions have been previously given by Akhiezer et a1.6 The fluid equations for the electron velocity ii, electron density n, and the fields E and B are
where jj is the electron momentum and no is the equilibrium electron density.
The wave motion is a function of the single variable I . F -vpht, where 2? is a unit vector in the direction of propagation, and 21ph is the phase velocity. Taking 
mc dpz Ez = ---mc dp, e dr' &=-..---dph dT mc dpy Ey = -ed7, mc dp, B, = --- is a constant, and p is the phase velocity of a light wave with frequency w.
Because Aw < w, the superposition (3.12) is a very good approximation for the _ transverse motion. We must still determine an equation for z(r) however.
For simplicity we will specialize to the case of equal-intensity lasers, the generalization to different intensities being straightforward. It will be convenient to choose the overall signs of ~11 and ~12 such that Aw pl = Rl(cos wlr -cos ~27) = -2Rl sin w7 sin -2 r* (3.17)
The corresponding laser electric field is to order & EL = yRl(sin wr7 -sin w27) = *Rl cos w7 sin $r . e (3.18)
Using the solution (3.17) in Eq. (2.5) with &h = 1, we obtain an equation for the slow variable Z(T),
where Aw py = 4RT sin2 w7 sin2 -7 2 * (3.20)
-.
As long as w >> wp, the high frequency part of pl will not excite oscillations in Eq. (3.19), and x(r) will indeed be a slow variable as assumed. We may then replace sin2 wr by its average value of $, and Eq. (3.19) becomes 1 -x2 + p; P&J = 2x , (3.22) the electron density from Eq. (2.7) 23) and the longitudinal electric field from Eq. (2.10) (3.24) where &h of the plasma wave is taken as unity.
Because the plasma oscillation frequency is a function of amplitude, the actual phase velocity of the plasma wave, wr(amplitude) / (ICI -k2), will change.
Wave-breaking will occur if this phase velocity and the longitudinal electron oscillation velocity approach each other. Equation (3.21) does not exhibit wave--.
breaking because of the approximation /3*h = 1. However we can estimate from the solution of this equation when wave-breaking would occur simply by comparing the ratio wp(amplitude)/A w and the longitudinal electron velocity, uz/c, assuming Aw/Ak N c. The only significant error Eq. (3.21) should make is in underestimating the electron density oscillation which becomes singular at the wave-breaking limit. Eq. (3.21) should be a better approximation for the evolution of the plasma wave in the time domain than in the space domain since the frequency of a free plasma oscillation is independent of the phase velocity (and ce wavelength) in a cold plasma.
Small Amplitude Plasma Waves
To study plasma wave generation with Eq. (3.21), we will use the initial conditions x(7 = 0) = 1, gpo)=o.
(44 These initial conditions correspond to pz(r = 0) = 0, n(r = 0) = no, Ez(7 = 0) = 0 ,
so there is no longitudinal electron oscillation at r = 0. We then wish to solve Eq. (4.7)
The amplitude saturates primarily because of mismatch between the driver frequency, Aw, and the free plasma oscillation frequency, w,, which decreases with amplitude according to Eq. (4.5), wo = wp(1 -; 2) .
Since there is no damping in Eqs. (4.14)
Larger amplitudes can be reached when Aw < wp because the free plasma oscillation frequency, wO, decreases with amplitude, and hence the driver and oscillator are nearer in resonance for finite amplitudes. One finds from the analytic integration of Eqs. (4.6) that the saturation risetime, rr, however increases to infinity at B*. Beyond this point the mismatch u is so large that the driver is not strong enough to increase the amplitude sufficiently and reduce w, toward Aw. The amplitude then saturates at a lower level just as it does when Aw > wp.
It is straightforward to numerically compare these predictions of the asymptotic solution to the behavior of the exact nonlinear equation (3.21) for the driven plasma oscillation. For our purposes it will be easier to numerically integrate Eqs. 
where a(r) 2 1 is a slowly varying amplitude, and 4(r) is a rapidly varying phase.
We can hypothesize the form of the amplitude-phase equations appropriate to In particular we will consider an example of relatively strong lasers, with RI = 0.5. We will again compare the evolution of the longitudinal electric field, electron density and longitudinal electron velocity in Eqs. show the longitudinal electric field as calculated from Eq. (3.19) and the asymptotic solution (5.7), respectively, with these laser parameters (and using the appropriate expression for pi(r) corresponding to El(r) in Eq. (5.9)). The agreement between the plasma simulation and our solutions is excellent. According our solutions in Figs. 15~ and 15d , the longitudinal electric field saturates near eEz/mwPc N 0.65, while the longitudinal electron velocity and oscillation frequency at saturation are approximately 0.55~ and 0.94 wP, respectively.
Conclusion
The nonlinear asymptotic solution (5.7) for the driven plasma wave is a very good approximation to the numerical solution of the exact equation (3.21) for times up to saturation and amplitudes up to eEp/mwpc N 1. Wave steepening is correctly accounted for by this solution. Furthermore our solution agrees well with two-dimensional particle simulation results for beat-wave generated plasma waves in the time domain. The occurrence of wave-breaking for a given laser intensity and frequency mismatch can be estimated from our equations by comparing the ratio of the oscillation frequency and laser beat frequency with the longitudinal electron velocity, v,/c. Our equations indicate that wave-breaking generally occurs for amplitudes near eEp/mwpc N 1.3.
We conclude that our equations, which neglect scattered laser sidebands and variations in the phase velocity, provide an adequate fluid description of the essential physics governing the temporal growth and saturation of large amplitude plasma waves below the wave-breaking limit. According to the amplitude-phase equations, the basic saturation mechanism is frequency mismatch between the laser beat-frequency and the amplitude-dependent plasma frequency as long as particle trapping is small. Since the plasma frequency decreases with amplitude, higher longitudinal gradients can be obtained for a given laser intensity if the laser beat-frequency is less than wP by an amount dependent on the laser intensity. The risetime to saturation increases as a result, however. Table 1 we compare resonant and near-resonant excitation of plasma waves by two equal-intensity beating CO2 lasers (X = 10~) in a plasma of density 1016cm-3(0.1% of the critical density). The energy absorption by the plasma wave, E~/2E&,,, is seen to decrease with increasing laser intensity. The advantage of having Aw < wP is clear with the energy absorption increasing about three times over the case Aw = wP. Indeed, the allowed frequency mismatch in the last row of Table 1 is limited by wave-breaking. At lower laser intensities, where no wave-breaking would occur at the critical frequency mismatch, the energy absorption would be about four times the case Aw = wP. The calculated energy absorption percentages in Table 1 are Batavia, 1983) , p. 467.
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